A CHARACTERIZATION OF THE SINGULAR TIME OF THE 
MEAN CURVATURE FLOW 

ANDREW A. COOPER 

^~y Abstract. In this note we investigate the behaviour at finite-time singulari- 

ties of the mean curvature flow of compact Riemannian submanifolds M" f m =->• 
(N m+n ,h). We show that they are characterized by the blow-up of a trace 
A = H ■ II of the square of the second fundamental form. 
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1. Introduction 



[\ , It is well known that the mean curvature flow dfF = H of submanifolds 

Ft : M m (u ->- ]R'™ + ' 1 has finite-time singularities characterized by the blowup of the 
second fundamental form II: 



Theorem 1.1 (Huisken [4]). Suppose T < oo is the first singular time for a compact 
mean curvature flow. Then maxjv/ t | II | — > oo as t — > T '. 

We will prove that in fact it suffices to consider the tensor Aij = H a hij a , where 
^. ■ H = tr II is the mean curvature and h are the components of II: 

Theorem 1.2. Let (N,h) be a Riemannian manifold with bounded geometry. Sup- 
r*-\ , pose T < oo is the first singular time for a mean curvature flow of compact sub- 

manifolds of (TV, h). Then maxM, \A\ — > oo as t — > T . 

f^ p Theorem 1.3. Suppose that along the flow, \ II(x, t)| p (T — t) < C for some p <G 

(1,2]. XTien maxa, |J?| — > oo as t ^ T. 



2. Preliminaries 



First we recall some evolution equations for the flow. We use indices 
C^ ' I < i,j,k,l < m, m + 1 < a, /3,~f < m + n. hij a denotes the ath component of 

ll(di,dj). H a denotes the ath component of the mean curvature H. g^ denotes 
the induced metric on M. R with four indices denotes the Riemannian curvature 
of (N,h), and R with two indices denotes the Ricci curvature of (N,h). V, de- 
notes the tangential covariant derivative in the direction i. V denotes the covariant 
derivative of h. We use the summation convention on upper and lower indices. 

Lemma 2.1 (Huisken [4] ; Wang [8]). Along a mean curvature flow 
Mt c -> (N, h) , we have 
(1) dtQij = -2H a h lja 
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(2) <9 t dvol = -|#| 2 dvol 
(3) 

d t h ija =Ah ija + (V fe i?) m / + (V,i?) Qfc4 fc - 2R lijk h^ 

+ 2R a pjkh i +2R a p ik h ■ - R lki hj a - R lkj h t a + R ak/3 h i} 

+ h aa (h lkl h kl - h kn H J ) + hi ka (h lk ^h i;j 7 - hi^hf 1 ) 

+ h^h^h^ j - fy/O - h a]k h pi k H p + hi j0 (ep,V H e a ) 

By integrating the evolution equation for |V S II | and using the Holder and Mor- 
rey inequalities, one can obtain 

Theorem 2.2 (Huisken [4]). Along the mean curvature flow, 
sup | V s II | is bounded in terms of sup | II | and the ambient geometry bounds. 

Mx[0,T) Mx[0,T) 

We recall a few lemmas about one-parameter families of Riemannian metrics: 

Lemma 2.3 (Glickcnstein [2]). Suppose a one-parameter family of complete Rie- 
mannian manifolds (M,g(t)) is uniformly continuous in t, that is, for any to and 
any e > there is 5 > so that (1 — e)g(to) < g(t) < (1 + e)g(to) for t £ [to, to + 5]. 
Then for any p £ M , r > 0, the metric balls centred at p satisfy: 

B a(t„) (p, -jfr^ - Bg M (p ' r) - B ^ ta) (p ' 7T = i ) 

Proof. Let p,q <G M. Let 7 : [0, S] — > M be a minimising geodesic from p to q for 
the metric g(to). Then the distance d g u \(p, q) in the metric g{to) satisfies 

dg(t )(p,q) = / \j\g(t )(s)ds 
Jo 

so that -j==d g ( t )(p,q) < <i g (t )(p, q). This immediately implies 

(2.2) B fl(to) (p,-^==)cB fl(t) (p,r). 

The other inclusion is analogous. D 

Lemma 2.4 (Hamilton [3]). Let (M,g(t)) be a one-parameter family of compact 
Riemannian manifolds defined for t € [0,T). Suppose that 



.dg 
max — - \nit\dt < 



o Mi dt 



s(*)< 



00 



Then the metrics g(t) are uniformly equivalent and converge pointwise as t — > T to 
a continuous positive-definite metric g(T). 
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3. II AND THE INJECTIVITY RADIUS 



We will prove Theorems 11.21 and 11.31 by a blow-up argument. In particular 
we will use the Cheeger-Gromov convergence theorem to extract a limit of some 
submanifolds Fj : M ^ R m+n , thought of as Riemannian manifolds (M,F*dx 2 ). 
We therefore need the following relationship between injectivity radius and the 
second fundamental form. 

Theorem 3.1. Let F : M m ^H W n+n be an immersion with | II | < C. Then 

We begin by considering the case of the graph of a map ip : R m — > M n , as in [BJ. 
We need to compare the standard square-norm of certain objects, e.g. \D 2 ip\ 2 = 

X) i<a<n I a^.g" ) , with the norms of the tensors II and VII in the metric g 

l<i,j<m ^ x » x 3 / 

induced by the immersion. To keep the norms straight, in this section we use | • | 
for the standard square-norm and | ■ \ g for the norm in g: 

\ll\ 2 a =h, lja h m g^g lk gi l 
\^ll\ 2 g =^ l h jka W p h qr0 g t Pg^g kr g^ 

Lemma 3.2. Let ip : D™ — > R™ be a C 2 function on the disc of radius r. Then 

\D 2 ^\ 2 <{l + \D^\ 2 f\ll\ 2 g 

where II is the second fundamental form of the graph ofip. 

Proof. The graph ofip has immersion map F(x\, . . . , x m ) = (x\, . . . , x m , ipi, . . . , ipn)- 
We use the following tangent and normal frames, where 1 < i < m and 1 < a < n: 

e,=(0,...,0,l,0,...,0,^i,...,^) = (0,...,0,l,0,...,0,AV') 

*- ' dib dib 

^=(- 7 ^,...,-Tp^,0,...,0,l,0,...,0) = (-^ a ,0,...,0,l,0,...,0) 

These choices induce the metric on the tangent bundle of the graph, which we 
denote by g with Latin indices: 

(3.3) gij = e % ■ ej = S tJ + D t ip ■ Djijj 

We also get a metric on the normal bundle, which we denote by g with Greek 
indices: 

(3.4) g af 3 =v a -vp = S af 3 + Dip a ■ Dipp 

We will use g 1 ^ to denote the inverse matrix to g^ and g a " to denote the inverse 
to g a /3- We compute the second fundamental form. Note that D 2 F = (0, D 2 ip). So 
we have 

II(e^e 3 )=proj ± (D 2 F(e l ,e 3 )) 
(35) ={D%F ■ vp)g a K a 

_ d^h a p v 

dxidxj 
In components, h l]a = Qx Jg . . 
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Then the norm-squared of the second fundamental form is 

.=)2„/, f,2„ 

1 ' 9 dxidxj dxkdx^ 

We can think of | II \ 2 as the norm-squared of D 2 ip in the metric g as opposed to 
the standard metric. We will compare g a " and g 1 ^ to the standard metric by giving 
estimates for the eigenvalues of g a @ and g l i . To do this we estimate the eigenvalues 
of gij and g a p. 

Each eigenvalue A of g a p has the form A = g(X,X) = g a pX a X^ for some 
eigenvector IgI" with \X\ 2 = £JX Q ) 2 = 1 - Th en 

\=(5 aP + DiP a -D^){X a X> 3 ) 

(3.7) =\X\ 2 + {X a Dip a ) ■ {X^DiPp) 

=l + \X a D^ a \ 2 

Thus 1 < A < 1 + |D-!/;| 2 . Similarly for an eigenvalue /i of g^, we have 

H =(Sij + Dii> ■ D^)X l Xi 

(3.8) = \X\ 2 + \D X ^\ 2 

=l + \D x i>\ 2 

So 1 <^< l + \D^\ 2 . 

Thus the eigenvalues of the inverse matrices g a " and g^ are bounded away from 
zero and infinity: 

1£|A " ,|S TW 



(3.9) 



So we can estimate 



i^l^ 1 !^ 



i 



1 + |DVI S 



(3.10) 



9 dxidxj dxkdxi 



d 2 ^ a 



> y 

l<ij<m 

l2„/,|2 



(1 + \Lhl)\*){l + l-D^I 2 ) 2 



\D 2 ^ 



(l + |£tyf) 3 



which establishes our lemma. 



□ 



Our next step is to show that any immersed submanifold F : M S-> 



vm-\-n 



can 



be written as a collection of graphs of functions ip with small \Dip\. 

We introduce the following notation and notions, following [5J. Given g <E M, 
denote by A q any Euclidean isometry which takes F(q) to the origin and Tpf q -\F(M) 
to the plane {(xi, . . . ,x m ,0)}. Let ir be the projection of R" +m to the plane 
{(xi, . . . , x m , 0)}. Define U r ,q C M to be the component of (ir o A" 1 o F)~ 1 (D r ) 
which contains g. We call F : M S-> R™ +m a (r, a)-immersion if for each q € M 
there is some ip q : D™ -> R" with l-D^I < a so that A q x o F(U r>q ) = graph(V> g ). 
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Lemma 3.3. Let < a < 1. Then for any C 2 -immersed submanifold F : M m °H 

jgm+m an( ^ an y r sa ii s fyi n g 

rv I 

r < 



(l+a 2 ) 3 / 2 sup M |II| 5 

F is a (r, a) -immersion. 

Proof. Let (jgMbc arbitrary. Every submanifold is locally a graph over its tangent 
plane; thus A q (F(U r , q )) can be written as a graph over D r for small enough r. So we 
set S q = sup{r\F(U r , q ) = graph(^ g )}. For any large K, if F(U r . q ) = graph(t/v, 9 ) 
and \Dtp r ^ q \ < |£, we can extend ip r9 to have a larger domain and still \Di(}\ < K. 
Thus we have 

(3.11) r% [ f™ PlDqPl= °° 

where the infimum is taken over all ip of which F(U r ^ q ) is a graph. Thus for our 
given a there exists some r q ,ip q : D r — > R" with sup^ |-D"0gl — a - Now we use 
the fundamental theorem of calculus and Lemma 13.21 to get 

( o -..v, a = sup|DV g | < rsnp\D 2 ^ q \ < r q {\ + a 2 ) 3/2 sup 1 11^ \ g 

{ °- ' D rq D rq D rq 

which implies that 



(3 - 13) rq - (i + «2)3 /2 sup ^ | ^ | 3 ^ (i + a 2 )3/2 SUPm | n | s • 

So for r less than the right-hand side of (|3.13[) , there is some ip : D r — > M. m+n which 
makes F(U r , q ) a graph and \Dtp\ < a. □ 

Proof of Theorem \3.1\ Now choose a = 1, and let r be given by Lemma 13.31 It 
is clear that B(q,r) C U riQ , since A q F(U r . q ) is a graph over a disc of radius r. 
Thus B(q,r) can be written as a graph over the tangent plane, and in particular 
inj(<?) > r. 

Since q was arbitrary, we have inj(M) > r > 0. □ 

4. The Tensor A Blows Up 
We will prove Theorem ll.2l bv contradiction. To this end, assume max \A(t)\ < C 

for all t E [0, T), and that the flow has a singularity at T < oo. 

In particular, we have \H\ 4 = (tr^4) 2 < rt|^4| 2 < nC 2 . So \H\ is also bounded 
along the flow. We will use C to denote this bound as well. 

By Theorem 11.11 we know that as t — > T, max|II(t)| — > oo. Let (pj,tj) be a 

sequence in M x [0, T) with tj — > T and max | II | = | ll(pj,tj)\ =: Qj — > oo. 

Since \d t F\ = \H\ < C, we know that F t (M) is contained in the CT tubular 
neighborhood of Fq(M). Thus the F(pj, tj) accumulate. Passing to a subsequence, 
we have F(pj,tj) — > po- For any R > 0, we may choose a jo so that F(pj,tj) lies 
in the ambient ball of radius R about po, B N (R) for all j > jo- In particular, we 
will take R to be less than the injectivity radius of (N, h). 

Consider the flows given by scaling the ambient metric by Qj and time by Q~ : 

(4.1) F 3 (p,t) - F(p,tj + ^) : M ^ (B N 7 Q 2 h) 
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Lemma 4.1. Each Fj is a mean curvature flow on M X [— Qjtj,0]. The second 
fundamental form of Fj is bounded: 

(4.2) m^|nj| = |IIj(pj,0)| = l 

Proof. Clearly d t Fj = Q~ 2 d t F. We need to show that by scaling the ambient 
metric, we induce the same scaling in H. By definition 
H Q2h (F j )=tv Q]h II Q2h (F j ) 

(4.3) ± 

= (Q 2 h)^(d p d q F 3 ) 






where (Qjh) pq is the inverse matrix of (Q 2 h)(d p Fj, d q Fj) and Lg2 ft is the projection 
onto the normal bundle induced from Q 2 h. 

Q 2 h induces the same splitting into tangent and normal bundles as h, so we have 

H Q - ]h {F 3 ) = QJ 2 [h™{d p d q F 3 )^\ 

(44) =Qj 2 tT h II h (F j ) 

= Q] 2 H h {F 3 ) 

So H scales as required. 

Similarly scaling the ambient metric by Q 2 scales | II | by QJ , so we have 

max I IL- I = max Q~ l I II I 
t<o J t<tj J 



Q- 1 \ll(p 3 ,t 3 )\ = l 



(4.5) 

D 

It is clear that the (B N ,Q 2 h,po) converge in the Cheeger-Gromov sense to 
(M. m+n , dx 2 , 0) , where dx 2 is the Euclidean metric. In particular, we have a mono- 
tone exhausting sequence of open sets V 3 C jj m + n an d embeddings 
ifj 3 : (V 3 ,0) -> (B N ,p ), such that ip*{Q 2 h) -> dx 2 . 

Let so = —Q\t\. After passing to a smaller spatial region M C M, we can 
assume F 3 (M x [so,0]) C ip 3 {V 3 ). We restrict our argument to this smaller region 
and write M without confusion. 

Define Fj : M x [s ,0] — > R m+n by Fj = %l)J l F 3 . Each Fj is a mean curvature 
flow with respect to the metric ip*(Q 2 h). 

The second fundamental forms llj of the Fj arc uniformly bounded, so Theorem 
12.21 gives uniform bounds on the covariant derivatives of the IL; . 

Since d t F 3 = Hj, wc get bounds on the time derivative of Fj. In fact the 
evolution of H gives a bound 

\d?F 3 1 = \8 t Hj \<\AHj\ + C\\VH 3 \ + C 2 \H 3 ||I%f 

< | V 2 ILf | + d | Vflj | + C 2 \llj\ 3 

Similarly, any iterated time derivative d^Fj = d^~ 1 (Hj) is controlled in terms of 
|V'IL,| for r < 2(s — 1). The mixed derivatives 9J"V s IIj are similarly controlled by 
jv'fijl for I < 2r + s. 

Since Q 2 h —> dx 2 in C k for any k, our bounds on the |V S IL,| give bounds on 
|V Iljl, where V and IL, are the connection and second fundamental form of Fj 
with respect to the metric dx 2 . 
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Let t € [so,0]. Theorem 13. II gives m](M,Fj(t)*dx 2 ) > -j=- The Gauss equation 

guarantees that the Riemannian curvature at its covariant derivatives of (M, Fj (t) * dx 2 , pj ) 
are all bounded uniformly in j. Thus by Cheeger-Gromov there is a limit Riemann- 
ian manifold (Moo,fl , oo(£),Poo)- 

Adapting the ideas of [7], we consider the growth of balls in (M OO) fl l oo(0)). We 
will write g^ for #oo(0). 

Proposition 4.2. [M, g^) has euclidean volume growth about p^. 

Proof. Let us use the following conventions for balls and volume forms. B oc (p) 
will denote the metric ball in g^ centered at p^ ; Bj (p) will denote the metric ball 
in Ft(Q 2 h) centred at pj\ B tj (p) will denote the metric ball in F t * h centred at 
Pj . voloo will denote the volume form of g^, ; vol, will denote the volume form of 
Ft(Q 2 h); voltj will denote the volume form of F*.h. Note that 

(4.7) Qj 

vo\ J =Qfvo\ ti 

We have, for any r > 

voloo (-Boo (r)) _ volj(Bj(r)) 

(48) ,. vol t ,(B t ,(4)) 

The evolution of g is 
(4.9) d t gij = -2H a h lja = -2A t] 

so we have \dtg\ < C, and in particular g is uniformly continuous in time in the 
sense of Lemma 12.31 

Thus we may apply Lemma 12.31 to estimate the metric balls at any time tj by 
the metric ball at time tj , so long as tj — tj < 6. Since tj — > T, we can pick a jo 
so that this condition holds for all j > jo. So we can estimate (|4.8[) by: 

(4-10) hm - < hm — — 2 

J Iq") j (qj) 

The evolution of the volume form shows that the flow is pointwise volume- 
reducing. So V0I4. < volt for j > jo- Thus we can estimate (|4.10j) by 

hm ;-=-: < hm — — 

vol*. (B t ( ,J n ))' 

= t 1 - £ ) 2 h f ( r w 

The only dependence of the right hand side on j is in the Qj . 

The limit on the right hand side of (|4. 1 1|) is the local volume comparison at Pj Q 
for the Riemannian manifold (M, F£. h). It is well-known that this limit is w m , the 
volume of the Euclidean unit m-ball. Therefore we have 



(4.11) 
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(4.12) ^-g^ < (1 - e)~^ m 

Since e was arbitrary, we have shown vol 00 (i? 00 (r)) < uj m r m . 

To show the reverse inequality, we make a similar argument starting from 
this time using the first inclusion of Lemma 12.31 We now seek to estimate volt . 
below by vol*. . Since we have assumed \H\ < C, the evolution of vol implies that 

(4.13) vol ti >e- c2 ^-^) vo l t . o 

and taking jo large enough we may ensure that e~ c fe _ *ro) > 1 — e. Then we can 
estimate P~gj) by 

4-14 lim r >hm 1-e 1 + 6 ' r , m - 

Again we can take the limit in j to get 

(4-15) ^" (r)) >(l-e)(l + e)-^ 

Since e was arbitrary we have shown vol 00 (i? 00 (r)) > uj m r m . □ 



Proof of Theorem \1.2[ To finish the proof of the theorem, we want to use the vol- 
ume growth of (Mqo, goo) to obtain a contradiction. The expansion for the volume 
of balls about p in r is 

(4.16) voM^Ur)) = Wro r TO (l - ^°°[ P j,. r 2 + 0(r 3 )) 

b(m + 2) 

where Rooij>oo) is the scalar curvature |T|. So Proposition 14.21 immediately implies 
that R 00 (p 00 ) = 0. 

On the other hand, tracing the Gauss equation twice gives that 

-Roofaoo) =limRj(pj) 

3 

= nm|F J (p i )| 2 -|II i (p,)| 2 
(4-17) J c 

= - 1 
This is the desired contradiction. □ 

5. A Condition for the Blow Up of H 

Definition 5.1. A singularity at time T < oo is of type Hi | II(x , t)\ 2 (T - 1) < C < 
oo for all x e M t and all t G [0, T). 

This is the slowest possible rate of singularity formation, and is attained in the 
case of a shrinking sphere or cylinder. 

We can prove that the mean curvature blows up under a slightly more general 
condition, namely 

Theorem 5.1. Suppose that along the flow, \ II(x, t)\ p (T — i) < C for some p G 
(1, 2]. Then maxM t \H\ — > oo as t — > T. 
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Proof. For the purpose of contradiction, suppose \H\ < C all along the flow. 
As in the proof of Theorem 11.21 we consider the parabolic rescales 

(5.1) Fj(p,t) = F(p,t 3 + -1) : M -> (JV,Q?/i) 

where Qj — max«( | II |. Each Fj is a mean curvature flow, and we have 

(5-2) \Hi\<i- 

Hj 

As in the proof of Thcorcm ll.21 we want to obtain a limit manifold (Afoo> ffoo) whose 
volume growth yields a contradiction. 

To proceed to a contradiction as in the proof of Theorem ll.21 we need to establish 
that the metrics g(t) are uniformly continuous in time in the sense of Lemma 12.31 

Consider the evolution of the metric: 

|^i = 2|A|<2|ir||ii| 

(5.3) l dt l I I- I II I 

< 2C(T-t)~p 

We want to integrate the inequality (|5.3|) to estimate \g(ti)— g(to)\o, where | - 1 is 
the norm on two-tensors induced from <?(0). Lemma 12.41 together with (|5.3|) imply 
that the metrics g(t) are uniformly equivalent. Thus at the expense of a uniform 
constant (which we will absorb into C) we may estimate 



l3(ti) - s(*d)|o = I J |f d*|o < J ||f loeft 

(5.4) 



l|"** 



< 2C [(T-t)~*dt 

= I ^ r ((T-to) 1 ^-(T- il ) 1 -i) 



p 

The function (T — t) _ » is uniformly continuous for £ S [0, T), so we see that the 
metrics g(t) are uniformly continuous in £ with respect to the norm | - | o - Since the 
metrics are all uniformly equivalent, this implies uniform continuity in the sense of 
Lemma 12.31 

Then the proof of the theorem proceeds just as in Theorem 11.21 □ 

Remark 1. The tensors H and A are either both zero or both nonzero. A bound 
on A implies that H is bounded. Theorem 1 1 . 2 1 savs that H cannot decay "too fast" 
relative to II. The following question presents itself: 

Question 1. Suppose T < oo is the first singular time for a compact mean curva- 
ture flow. Is it generally true that maxju, \H\ — > oo as £ — > Tl 
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